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A  NOTE  01^!  STREAM  ORDERING 
AND  CONTOUR  MAPPING 

by  VJilliain  VJarntz 

This  paper  has  been  prepared  In  response  to  vdiat 
might  be  regarded,  in  other  arenas  of  endeavor,  as  "popular 
demand".  V/e  shall  also  use  it  to  make  a  plea  for  certain 
changes  in  topographic  mappings .  In  our  first  paper  in 
the  Harvard  Papers  in  Theoretical  -Geograp^hy  series,  l6 

May  1967,  v;e  examined  surfaces  in  general  terms  but  also 

* 

recognized  certain  points,  lines,  and  areas  on  surfaces  as 
singular  in  their  characteristics  and  v/orthy  of  specific 
delineat:ion  in  that  they  represented  that  mi,).ima.l  part  6'f 
the  spatial  structuring  that  need  be-  known  if  the  flows,  if 
any,  on  surfaces  were  to  be  understood.  -A  simple  table  was 
included  that  grouped  the  singular  geometrical  elements 
by  dimensions  and  by  vergency.  It  is  included  here  sub¬ 
sequently.  A  hypothetical  surface  was  presented  tO' ^portray 
the  ideas  involved.  'Following  Cayley  (18!?9)  and  Maxwell 
(.1870)  wo  have  dj-scussed  the  topology  and  geometry  of  any 
surface  and  tlie  relationship  of  the  points,  linos,  and  areas 
to  -flow  phenomena.  V/e  have  found  tliat!  flows  of  energy  and 
matter  unite  various  parts  of  tlie  surface  into  a  system. 

]'’luvial  systems,  for  instance,  are  highly  organized,  and 
show  systematic  regularity  as  h’orton  (.19^113)  first  demonstrated, 
and- as  .Strahler  (196 ^i)  and  his  students  have  corroboi'atcd . 
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V/hile  useful  for  general  "movement  theory"  purposes, 
and  having  been  developed  with  social  and  economic  applications 
in  mind,  our  hypothetical  surface  did  not  contain  sufficient 
"tree-like"  or  "bifurcation"  properties  to  reveal,  for 
example,  the  typical,  indeed,  the  necessary,  spatial 
features  and  their  dimensional  representation  present  in  even 
modei’ately  high  .order  river  basins.  This  present  paper,'  - 
then,  is  an  attempt  to  clarify  these  matters  and  to  acce.de 
to  wishes  that  we  examine  river  basin  geometry  explicitly. 

None  of  the  illustrations  from  the  paper  noted  above 

will  be  reproduced  here.  The  few  following  succinct 

•  «  • 

definitions  will,  it  is  hoped j  suffice.  ^ 

A  contour  line  may  be  regarded  as  the  intersection  of 
two  surfaces,  the  conventional  circumstance  being  that  of 
the  intersection  of  the  variable  surface  under  consideration 
and  some  specified  constant-valued '"level"  surface.  Any 
two  intersecting  surfaces  do  so  along  a  line.  This  line 
thus  connects  points  of  equal  value  on  the  variable  surface. 
Using  conventional  mathematical  notions  of  surfaces,  it  is 
to  be  seen  that  the  "z"  value  is  constant  along  a  contour 
line  on  a  variable  surface  when  "x"  and  "y"  values  are  taken 
as  coordinates  on  a  referent  level  surface. 

The  summary  of  such  values  with  relation  to  land  forms 


phenomena  are  conveniently  and  convincingly  displayed  by¬ 


means  of  a  map  on  which  selected  contour  lines  are  shown 


representing  the  intersections  of  level  surfaces  with  the 


var.iable  surface  of  the  phenonif^non  and  with  each  contour  line 


distinguished  by  a  numeral  v/hioh  shows  the  level  surface  to 
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which  it  belong.';. 

Let  us  now  relate  the  nature  and  .significance  of  contour 
lines  to  certain  absolute  extremum  points  (local  maximumj, 
or  minimu.-p.)  and  mixed  extrema  points  on  a  surface. 

The  contour  "line"  at  a  peak  becomes  a  point.  A  peak 
is  a  local  maximum  of  elevation.  Everywhere  In  the  immediate 

s 

neighborhood  on  the  surface,  elevation  values  are  lower,  i 

The  contour  "line”  at  a  pit  becomes  a  point.  A  pit 
is  ‘a  local  minimum  of  elevation.  Everywhere  in  the  immediate 
neighborhood  on  tlio  surface  elevation  values  are  higher. 

In  general,  of  course,  peaks  arc  at  higher  elevations  . 

< 

than  pits.  This  is  not  inevitably  reo/dirod  to  be  so  for 
individual  peaks  or  pits.  The  local  condition  of  the  surface 
determines  which,  if  either,  exists'. 

Peaks  and  Pits  are  to  regarded  as  singular  points 
and  constitute  the  category  v;e  shall  call  absolute  extremum 
points . 

The  other  ki'nd  of  singula)’  points,  i.e.  mixed  extrema 
points,  are  Passes  and  Pales.  A  pass  or  saddle  point  exists, 
foi’  example,  at  the  se3 f-crossing  point  of  some  contour  line 
that  forms  two  loops,  one  around  each  of  two  adjacent  peaks. 
To  find  the  pass  or  passes  relating  to  a  given  peak  requires 
the  establislsment  of  the  outei-most  c.losed  contour  line. 

A  pale  exists  between  adjacent  pits.  The  sel f-cro.ssi ng 
cc;'))tour  line  fo)’  adjacent  pits  in.-iy  he  eitiier  of  the’  inloop 
or  outloop  type'.  The  inioop  tyj^e  also  consists  of  vwo  clo.sod 


ciu’ves,  ojic  of  which, 


however,  lies  inf. ide  tlio  other  except 


for  their  sliared  point.  Inloop  tyj^es  occur  liiilaing  pits. 


s'; "earns  and  for  lake's  with 


out 3  f’ts . 


wi  tl)in 


V/;ltl»ln  any  p.-ivon  loop  idenklficd  with  a  given  singular 
point j  other  singular  points  and  thoir  attendant  loops  may 
bo  found.  Tiirougli  ovory  point  on  the  surface  one  may 
consider  that  there  is  not  only  a  contour  line,  but  also 
a  slope  line.  Slope  linos  indicate  the  direction  of  steepest 
gradient  at  a  given  point  and,  of  necessity,  therefore, 
intersect  the  contour  lines  at  right  angles.  V/c  therefore 
have  two  families  of  orthogonal  curves  o..  the  surface, 
namely  contour  lines  and  slope  lines.  The  property  of 
orthogonality  is  preserved  in  a  conformal  projection  to  the 
plane  of  these  tw.o  systems. 

In  general,  slope  line,s  have  peaks  and  pits  as  their 
termini;  In  general  any  one  slope  line  leads  to  some  peak 
in  its  "uphill"  direction  and  to;  some  pit  in  its  "downhill" 
direction.  If,  however,  a’ particular  slope  line  is  found 
to  run  from  a  pit  to  either  a  pass  or  pale,  tlion  when  continued 
through  that  pass  or  pale,  that  line  will,  of  necessity, 
run  only  to  another  pit,  lor  in  rare  cases,  the  same  pht) 
provided,  of  course,,  that  the  surface  be  a  continuous  one  as 
we  have  stipulated.  Similarly  any  slope  lire  found  linking 
a  peak  to  a  pass  or  pale,  must  then,  when  extended  through 
the  pass  or  pale  continue  only  to  another  peak  (or  in  rare 
cases,  the  same  peak). 

Slope  linos  linking  peaks  via  passes  or  pales  are 

dosngnated  as  hidge  linos.  Slope  lines  linking  pits  via 

% 

passes  or  pales  arc  designated  as  Course  linos.  All  slope 
linos  otlicr  than  course  lines  and  ridge  lines  do  not  encounter 
passes  or  pales  as  tjioy  arc  traced  between  peaks  and  pits. 
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On  continuous,  surface.^  the  ))o;i.nt  of  the  pale  and  of 
tlie  pa.ss  have  at  once  tlic  attributes  of  both  a  local 
maximum  and  a  local  minimum,  each  resultinp,  in  a  self- 
crossing  contour.  On  a  map  shov;ing  the  areal  variation 
of  the  surface  for -any  true  field  quantity,  no  flat  ai’eas 
are  to  be  found.  There  are,  of  course,  singular  points  on 
tlie  surface  where  the  instantaneous  gradient  goes  to  zero, 
and  direction  of  slope  becomes  indetcrm.i nate  when  those 
points  are  regarded  in  isolation.  Tliese  points  are  precisely 
of  the  kinds  mentioned  above,  peaks,  pits,  i')asscs.,  and  pales. 
Peaks  and  pits  ‘have  been  defined  as  local  maxima  and  local 
minima  respectively;  simple  closed  contours  tlierefore  exist 
within  their  immediate  --neighborhoods.  At  the  point  of  a 
pale  pr  of  a  pass,  gradient  is  zero,  but  no  locally  closed 
contours  occur  in  the  Immediate  neighborliood ;  for  the  point 
of  the  pale  or  of  the  pass  has  the  attributes  both  of  a  local 
m.aximum  and  of  a  local  minimum,  and  a  self-crossing  of  the 
contour  line  results.  One  profile,  properly  taken,  sIjows 
the  pass  at  tlio  lowest  value  between  two  peaks;  a  profile 
through  the  same  point  taken  at  right  angles  to  the  first 
shows  the  value  at  tlie  na.ss  to  be  higlior  tlian  any  other 
along  that  ci’oss  section.  The  pale  occurs  at  t.he  high  ))o:lnt 
between  pits,  but  it  is  a  low  point  along  the'  line  at  rl/;ht 
angles  to  the  line  joining  the  pits. 


To  make  the  above  coris i derations  cleaver. 


let  u.'i  eidoToy 


tlie  concept  of  the  1  iKii_ca1  j’i x ,  deflnc-r]  as  thv  curve  In  ch 


a  given  surface  Is  cut  by  a  plane  indt-ri ni  tvly  near  and 
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pai’allel  to  tlic  tangent  piano  at  any  point,  so  called 
because  it  indicates  the  natiu’o  of  the  surface  at  that  point. 

In  addition  to  contour  lines,  let  lines  of  steepest  slope  also 
bo  considered  and  hereafter  refcri'od  to  simply  as  slope  lines. 
Slope  linos,  of  course,  always  cross  contour  lines  at 
riebt  angles.  (This  property  is  preserved  on  those 
conformal  maps.)  Through  every  point  on  the  surface,  thoi\e 
is  a  slope  line  that,  in  general,  begins  at  a  certain  peak 
and  ends  at  a  certain  pit.  Exceptions  are  the  lines  connecting 
peaks  and  passes  and  those  cojniecting  pales  and  pits. 

Consider  the  most  di.stant  closed  contour  line  defining 
a  given  sample  peak  or  pit.  This  exterior  lino  Is  inter- 

c- 

soctod  at  every  one  of  its  points  by  a  slope  line.  All 
of  these  slope  linos  must  intersect  all  of  tlie  interior 
closed  contour  lines  as  -well,  uniting  at  an  interior  point  — 
the  peak  or  the  pit.  In  the  general  case,  the  indicatrlx 
at  the  peak  or  :pit  will  be  ai  ellipse,  as  will  the  immediate 
contour  lines  in  the  neighborhood,  with  the  major  and  minor 
axes  corresponding  to  the  directions  of  least  and  greatest 
curvature  respectively. 


Letting  a  and  b  for  the  indicatrlx  be  the  semidiameters, 
major  and  minor  resi)Octivoly ,  the  equation  for  the  ortliogonal 
trajectory  of  the  ellipse  on  a  p]ano  with  x  and  y  coordinates 
is  y*’ ■  =  Cx^  .  fio  long  as  0  docs  not  equal  infinity,  the 
curve  this  equation  defines  touches  the  axis  of  x,  the 
direction  of  least  curvature.  If  C  does  equal  infin'ty,  x 
becomes  soro  and  the  curve  touches  the  axis  of  the  direction 


of  greatest  curvature,  i.c.,  y.  In  general,  at  tlie  peak  or 


Rave  the  one  limiting 


the  pit  all  of  the  alone  curves, 
case,  touch  the  line  indicating  the  direction  of  least 
curvature.  The  only  exception  occui-’S  v/Iien  the  indicatrix 
is  truly  a  circle  and  the  .slope  lines  pass  in  all  directions 
through  the  common  point  at  the  peak  or  pit. 

At  a  nale  or  a  pass  the  indicatrix  is,  in  general,  a 

I 

hyperbola  and  the  trajectory  is  C  =  x^^  y^^.  VJhen  this  goes 
through  the  pass,  C  equals  zero, -and  then  either  x  or 
equals  zero.  As  a  result,  only  tvjo  slope  linos  occur  through 
the  .pass,  each  bisecting  the  angles  made  by  the  brandies  of 
tlie  self-crossing  contour  line..  .These  slope  lines  therefore  . 
intersect  at  right  angles.  Let  t})0  slope  lir.e  on  vdiich  the 
pass  is  a  point  of  minimum  elevation  be  termed  a  ridge  line 
and  the  other,,  a  course  line. 

In  geiieral,  ridge  lines  pass  from  peak  to  peak  and 
course  linos  from  pit  to  pit.  Even  w.ith  an  arbitrahy 
boundary  condition  it  is  possible  that  any  one  ridge  or 
course  line  begins  and  ends  on  a  map  at  the  same  peak  or 
p:lt,  tipis  forming  a  closed  curve,  and,,  in  exceptional  cases, 
any  one  of  these  linos  may  bo  alternately  a  ridge  line  or 
a  course  line,  as  is  tlie  case  vrith  minor  'oaks  on  a  major  one, 
so  tliat  any  particular  segment  must  be  named  viltli  reference  to 
tlie  pass  or  pale  vrilli  vihlch  it  is  considered.  Tli;i  f.  consideration 
must  bo  regarded  cxpoc;! cl  ly  in  connection  with  the  .sol  f-cj'osr.i  ng, 
contour  line  v;h:icli  is  not  of  tlie  usual  f.igurv'  eight  or  out] non 
ty})0  but  rather  oi'  the  .inloop  tyno. 

To  consider  additional  m.attrrs  v;o  need  to  establish 
symbols.  Lot: 
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,  S  =  number  of  peaks  (summits), 

I  =  number  of  pits  (immits), 

P  =  number  of  passes, 

D  “  number  of  pales  (bars), 

C  =  number  of  course  lines, 

R  -  number  of  ridge  lines. 

Within  any  completely  closed  contour  line  on  a 
continuous  surface  the  number  of  peaks,  S,  is  always  one 
more  than  the  number  of  passes,  P,  so  that  S  =  P  -I-  1.  •  The 

same  rule  applies  to  the  number  of  pits,  I,  and  the  number 

of  pales,  B,  so  that  I  =  -J-  1. 

If,  in  the  singular  cases  of  passes  and  pales,  we  count 
each  of  these  as  single,  double,  or  n..ple.  depending,  on 
whether  two,  three  or  n^-H  areas  of  elevation  or  depression 
meet  at  a  pass  or  pale,  respectively,  then  the  above  counts 
can  be  taken  as  before,  giving  each  singlular  point  its  proper 
number. 

Let  Pj  be  the  number  of  single  passes,  £2  the  number 
of  double  passes,  etc.,  and  B]^,  etc.,  be  the  numbers 
of  single,  double,  etc.,  pales.  Tlien  the  number  of  peaks 
will  be  S  =  1  Pj^  .+  2P2  -I-  etc., ,  and  the  number  of  pits 

will  be  I  =  1  Bi  -I-  2B2  etc. 

Now,  regard  any  one  ridge  liiie  or  course  line  as  beginning 
at  a  pass  or  a  pale  and  ending  at  its  respective  peak  or  pit. 
Then  the  number  of  r:idge  lines,  R,  will  be  R  =  2(B.j^  P^^) 

i  3(B2  •••  P2)  etc.,  and  the  number  of -course  lines,  C, 
will  be  tliC  same. 

With  j’cfercnco  to  the  area  enclosed  by  any  one  contour 
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linc,  1‘,he  rollov.'inc  obtainc:  (S  -i-  I)  (P  B)  ~  1. 

liov/Gvei’,  on  a  closed  surface  like  the  spherical  earth: 
(S  I)  -  (P  -I-  Br)  --  2.  For,,  on  a  sphere,  a  closed  curve 


bounds  tv7o  areas. 

For  a  general  topologi-cal  consideration  let  V  be  the 

I 

number  of  all  singular  points  en  the  closed  surface  (V  = 

S  -I-  I  i  P  •!•  B);  let  E  be  the  number  of  lines  (E  -I-  R  C); 
and  let  P  be  the  number  of  separate  faces  or  territories 
as  -we  shall  call. them.  Then,  F  =  E  -  V  i  2. 

That  is  to  say  the  number  of  faces  plus  the  number  of 
points  minus  the  nuhiber  of  lines  equai  2.  Again,  vjithin 
any  one  closed  contour  line,  P  =  E  -  V  -i-  1. 

This  general  topological  relationship  among  points, 
lines,  and  areas  v/as  first  established  by  Euler  in  netvjork 
ahalysi.s  (the  bridge  problem)  and  was  explained  in  terms  of 
any  polyhedron  v/here  the  number  of  faces  plus  the  number 
of  vertices  minus  the  number  of  edges  equals  two. 

Further  co.nsidcration  of  the  above  shows  that,  for  tlic 
world's  surface,  if  w.e  put  E'  equal  to  the  nupihor  of  ridge 
lines  only,  and  V  equal  to  the  number  of  pc;aks,  passes,  and 
pales,  then  F'  is  the  number  of  districts  of  depression  (dales) 
equal  to  tJie  luimbcr  of  p:its.  If  E"  spqciTies  rhe  number 
of  course  lines  only  and  V"  the  number  of  {Uisses,  pales,  and 
pits,  then  F"  is  the  number  of  dis,t)‘ic\.s  of  c.’levat.!on  (hnlls) 
equal  to  the  numbe)’  of  peok.'--  when  the  two  types  of  districts 
are  taken  .iiidepciidf'ntly .  Districts  who.se  line::  of  si  one  run 
to  tlK;  same  i)eaks  ore  tlio  liills,  and  those  wiiosc  linc.-s  of 


s3ope  run  to  tlic  same  pits  arc  the  dales.  Tlie  v/hole  closed 
surface  may  be  divided  independently  into  hi31s  and  into 
dales j  each  point  belonging  to  a  certain  hill  and  to  a 
certain  dale.  Of  course,  ridge  lines  ..are  the  only  slope 
lines  not  reaching  pits,  and  course  lines  are  tlie  only 

I 

slope  lines  not  reaching  peaks.  .  ' 

The  table  concerning  flov;s  referred  to  above  is  given 

belov/.  We  begin  by  assuming  that  "natural"  movements  on 

surfaces  tend  to  be  along  steepest  slope  lines  or  gradient 

patlis,  i.c.  at  right  angles  to  the  contour  linos,  and  from 

*  *  • 
higher  values  on  the  surface  toward  lower  values.  These,  paths 

are  minimum  ;over-the-surfaco  "distances"  in  each  case. 

This  elcnionltry  assumption  is  in  keeping  with  the  analysis  of 

potentials  and  forces  in  general  field  quantity  theory . 

Other  assumptions  about  form  and  movement  are  possible 

especially  with  regard  to  additional  forces  besides  the 

gradient  force  and  also,  .long-run  processes  that  change 

surfaces.  Here,  however,  we  restrict  ourselves  to  simple 

gradient  movements  in  the  short-run.  Our  conclusions  can 

be  presented  in  a  simple  table  sunmuirizing  converging  and 

diverging  flow.^  in  terms  of  dimensions. 


DIHLCKSIOH 

NAME  OF  .SURFACE  FEATURE 

VERGEHCy 

Point 

Pcalc 

Divergence 

Pit 

Convergence 

Pass 

Mixed 

Palo 

Mixed 

Line 

Course 

Convergence 

Ridge 

Divergence 

Area 

Hi  .11 

Divergence 

Dale 

Con  verg, once 

Territory 

Mixed 
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Let  us  nov/  relate  these  ideas  specifically  to  fluvial 
systeifis  on  land  fo/'inSj  particularly  to  river  basins.  Figure  1 
is  an  Gnlarged  portion  of  the  liolinontj  II. Y.,  U.S.  Geologic 
Survey  Topograplri c  map  (contours  only).  The  original  linear 
scale  was,,  of  course ,  l:6?jlj00.  The  linear  scale  of  the  map 
shovai  hero  is  about  tripled  (i.c.>  1: 208150).  On  tlie  map 

( 

in  figure  1,  one  inch  represents  about  ono-tliird  of  a  mile, 
on  tlie  earth's  surface.  Tl^e  contour  interval  is  tv;enty  feet. 

It  is  often  noted  v;hon  instruction  is  offered  concerning 
the  making  or-  interpreting  of  contour  maps  of  physical  land 

forms  tliat  contours  crossing  streams  (we  would  say,  contours 

•  «  * 

crossing  all  course  lines)  are  bent  so  that  the  "notches" 
point  up  stream,  i.e.,  in  the  direction  of  higher  elevations. 
V/e  add  tliat  the  contours  crossing  ridge  lines  are  bent  so  that 
their  notclies  point  out  precisely  the  down-hill  direction. 

Even  map  readers  of  limited  experience  should  have  no  trouble 
in  picking  out  the  most  likely  positions  for  streams  and  their 
accompanying  basin  divides  on  the  above  noted  map  in  figiuc  1. 

If  wo  accept  those  patterns  of  contour  bending  as 
necessary  —  and  indeed  they  are  necessary  --  \iq  can  then 
follow  through,  to  its  final  conclusion,  the  statement  about 
tlie  necessary  oleinonts  and  tl)Oir  dimensional  rei at j onshi p.s  in 
fiuviaJ  systems. 


On  the 

order  stream 
area  bounded 
ridge  lines, 
linos.  The 


following 
( i. .  o .  a  s 
by  ridge 
The  i inc 
solid  part 


illustration.  Figure  ?,  a  sii'jpio  first 
ti'c.am  having  no  tril'utary)  and  its  has 
iincs  ai’c  sliov.'n.  Tiio  heaviest  linen’,  a 
!■>  of  inteniiod  i  ate  w.idtii  reMn’er-auiL  couv- 
of  It  represents  tiu'  portion  Jying  in 


i.n 

.'C 

.jf- 
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h /ill ll((\iii^  -  -  T--’r  ii  -;  ^.  xS.'  \»,V,  .ttOkun^-'v! 


F;U',uro  ,1  .  ® 

linlarf.od  Portion  of  the  lio.linont,  H.Y 
Toj>o('rfipl)j.c  .Survey  Map  (conUourc. 
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an  actual  stream  and  the  clotted  poi  tion  indicates  the 
position  of  this  lino  continued  back  to  the  pass  vjhcncc  it 
issued. 

The  fine  thin  .lines  ai‘e  contour  lines.  Peaks,  pits, 
passes  and  pales  arc  labelled,  as  noted  above,  as  S,  1,  P, 
and  13  respectively. 


Tlio  s;lt';n;U’;Loant  Toaturcs  oj‘  the  contours  are  the 
outloops  of  tiic  fif^.urc  of  cAnht  typo  cojitour  vjitii  each 
loop  onclosi)!^',  a  peal:  and  valtli  the  so.l  f-crossin^;  of  the  contour 
line  occurlnc  at  tl)e  attendant  pass  and  the  inloop  type 
boundinp;  a  pAt  valth  the  solf-crossA nf;  at  the  required  pale. 
(Figure  3)  < 

s 

It  is  well  establislied  that  any  contour  is  a  closed  ■' 
circuit  on  the  earth  (a]thoup;h,  o‘f  course,  not  necessarily 
within  the  area  portrayed  on  any  {';ivon  topof^rapliic  map). 

VJith  respect  to  a  first  order  dralnaf^e  basin  the  on.ly  contours 
that  close  witliin  the  basAn  are'  those  in  the  immodAate 

c 

vicinity  of  the  one  pit.  Moreover,  al.l  of  these  arc  within 
the  smaller  loop  of  the  inloop  type  of  contour  (see  ficuro  2, 
again).  The  lax-ger  loop  lies  entirely  outsAde  of  tlic  fArst 
order  basin  in  question  and  its  path  may  3oad  ac3 oss  many 
basins  before  closing.  Note,  however,  that  any  one  of  the  inter¬ 
mediate  contour  lines  sl)own  on  fAV-ure  2  may  Atself  be  a 
segment  of  the  larger  3oop  of  some  AnAoop  typo  contour  v'Ath 
Ats  (Smaller  loop  located  entirely  v:Athln  some  dAstant  and 
separate  basin.  Even  thos<^  contour  lines  tliat  close  in  the 
imiiicdiate  neA ghboi-hoov'*.  of  the  pordns  in  fAginv.-  ?  must  lAe 


only  partly  in  the  basAn  under  con.sA  do)*ation  and  of  necess 


1-y 


partly  outside  it. 


pA  t) 
be  a 
sonu.' 


If  other  eJosed  contours  (s.ay  ai’ound  soi.io  peal:  oi*  som*- 
are  found  v/ithJn  whet  Jris  l,>ocn  prevnun-ly  .a.s.'.ut.ii.-d  to 
fAiast  ordc-r  bos.iii,  tljir.  A:;  (videnc-''  tied,  it  is 
liAglior  ordej’  luas.jn  and  tlial  a  .low<'r  oru<-)’  on^'  3ie:. 
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entirely'  within  it.  In  fact  on  tlie  earth 'n  .surface  a 
virtually  infinite  re.ffress 'doe.s  exist,  limited  only  by 
particle  siso  at  wiiicli  level  the  concept  of  surface  is  not 
aijplicable.  V/c  shall  spoal:  of  that  d,'*^..iculty  later  in  this 
paper;  For  the  present,  we  consider  the  presence  of  one 
visual] y  observable  unhranched  oti*eaiii  having  no  tributai-ics  — 
as  evidence  of  a  fibst  order  stream  (and  its  basin)  and 
carry  the  accuracy  of  contour  positionlnp,  to  the  level 
sufficient  to  delineate  only  it  and  not  to  include  tliosc 
evidences  of  additional  course  lines  which,  however,  lack 
stream  channel  flows. 

Note  that  course  lines  or  ridge  lines  coniiect  our 
designated  points.  Thus  there  a're  tv.’o  individual  and 
distinct  course  lines  (segments)  present  within  the  basin. 

One  runs  downhill  from  the  pass  to  the  pit.  'Die  other 
continues  from  this  pit  uphill  to  tlie  pale.  For  the  streara 
to  have  a  continuous  flov;  there  must  be  sufficient  water 
in  its  channel  to  permit  it  a  high  enoug’n  level  to  cross  t'ne 
pale,  ilence  some  water  must  flow  upliill  for  all  or  any  of 
it  to  move  "downstream".  Any  stream  floi.’ing  tlrrougli 
several  basins  has  a  series  of  conn  eted  pits  cacli  witlj  a 
"down-stream"  side  but  actually  locally  ui»hill  pale.  V'licn 
streams  dry  up  they  do  not  do  so  in  sho:  t-1  i  la.;  1‘ashion. 

Hatljcr,  tiioy  reduce  to  notiiing.  through  a  sories.  oP  d i .'.cunni;c(  ious 
of  pits  with  res.ul  ti  ii;-;  isoli-tc'd  j)ool:'.  of  w.stcr.  A  d  i  ac.ooij' i  on 
occur.,  where  and  wh.eii  tl»-i  ■  is  not  .••uffW;;  -nt  v’."'to"  for  lli,’ 
fiov;  to  ct'or.s.  .soiin-  p.''lv. 

Fidea;  li  in  s  .'il.'u;  run  lud  ;a  f'u  1 1;,  .a  1  a  i-  ijo'nd;.,  as  fo-' 
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example  from  a  peak  to  a  pass.  Another  ridp.e  line  then 
goes  on  to  another  peak.  AlsOj  ridge  linos  go  fi’om  peaks 
to  pales,. 

Ridge  linc.s  do  not  go  to  p:fts  nor  do  course  lines  go 
to  peaks.  Both  hov/ever  do  go  to  pa.ssos  and  to  pales.  If 
we  consider  peaks  and  pits  as  absolute  extremum  points 
and  passes  and  pales  as.  mixed  extrema  points,  then  any  comuination 
of  course  lines  and/or  ridge  lines  producing  a  connected 
continuous  patii  through  however  many  basins  desired  and  of 
whatever  order,  do  and  must  exliibit  an  alternation  of 
absolute  extremum  and  mixed  extrema  points.  (This  condition 
assumes  additional  importance  when  we  examine  below  the 
infinite  regress  referred  to  previously.) 

V/hen  two  first  order  streams  meet,  a  second  order 
stream  is  formed.  In  figure  -^1,  a  typical  example  of  the 
essential  spatial  structure  attending  the  paired  first 
order  basins  and  the  resulting  second  order  stream  is  given. 

Again  we  see  tliat  the  outloop  figure  of  eight  type 
contour  line  is  present,  but  this  time  there  are  two  of 
them,  one  of  them  with  both  of  Its  loops  contained  wliolly 
vrlthin  one  of  the  loops  of  the  other.  The  situation  given 
in  figure  5  below  is,  of  course,  possible,  but  not  likely, 
the  situation  portrayed  in  figure  being  the  moi*o  general 
case.  Fi(‘,ui'c  C-I  shows  a  section  of  the  inloop  type  of 
conliour  line  wt;  cons. jd<. red  w’l;h  tl)o  single  firs.t  oi‘dej- 


ba.''..in.  I'Mgurv;  6-11  r.ho\;s  us  thr:t  a  "rabbi  t-oarr;."  or 


"buttirfly"  doui)lc  smaller  inloop  tyj)o  occu 


w  i  I  Vi  the  ;i )  i  c  ;i  d  c  n  c  e 


Figure  '3. 


Order  SUroam  '(.T)  and 
Ha i  red  First  Orcjor  .Strca»!iJ 
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of  a  yecond  order  r.troam. 

Note  on  figure  that  0)ie  r.idge  lino  (tlie  "central" 
one)/  is  shared  as  a  common  divide  for  tlie  tv;o  first  order 
basins. 

Figure  7  reveals  additional  featuro.s  concerning  second 
order  basins.  Tliis  il'lusti'ation  ir;  adapted  fi'oj.i  one  by 
Strahlor,  oj>.  cit .  ^  p.  376.  He  shov;s  ail  '.streams  vrlthin 
and  the  outer  ridge  line  boundar'y  of  a  fourth  order  basin.. 

We  have  added  piausib.le  interior  ridge  lines  and  have 
marked  singular  points..  Again,  the  heavy  lines  are  ridge 
lines  and  the  lighter  ones  are  course  lines.  'Die  second 
order  stream  is  shown,  as  the  legend  indicates,  by  a  dasl^ed 
line.  This  illustration  shoi.’s  tijat  the  second  orde)’  basin 
contains  at  least  tvjo  first  order  basins  whose  exterior 
ridge  lines  it  shares  and  additionaD  area  and  ridge  ]inc.s  as 
we  1.1 .  Here  tlie  additional  area  is  served  by  one  additional 
£.lrst  order  basin  and  stream  flowing  into  it,  but  not  'thereby 
promoting  it  to  a  higher  order  and  by  an  area  of  direct 
drainage  through  no  intermedi atinb;  stream.  Such  an  area  of 
direct  drainage  (overland  flow)  into  any  streara  of  Irigiicr  or J<.  r 
t!)an  fii’st  is  regarded  as  an  interbasin  area.  We  see  then  that 
two  first  order  basins  are  a  ru.*cos.sai\v  but  not  sufficient 
condition  for  a  second  order  basin.  At  lea.st  interl).')s ’ area 
must  also  exist.  Of  cou)':’.f;  avM  i  l.ional  first  order  i.tJ'eru.s  not 


promoting,  the  ba.sin  i.ay  develop  within  it,  and  inder  vl  hipl-t'r 
oveJers  tint  do  ifoiiote  tic  lu’.si'n  m.' y  .'r'-r-t  i  cmi-  into  e.y  i  ■' j '■nro 
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Alv/ays,  however,  some  interbasin  area  must  exist  within 
every  basin  of  order  higher  than  one  and  very  likely, 
based  on  observation,  additional  non-p.-omoting  lower  order 
streams . 

Now  the  other  extremely  important  feature  of  figure  7 
is  that  which  shows  that  for  basin  orders  higher  than  one 
additional  course  lines  other  than  those  for  the  first  order 
streams  must  exist,  albeit  without  channel  flow.  The  x’s 
located  on  ridge  line  segments  indicate  1  hat  additional 
heretofore  unregarded  passes  (P)  must  exist  on  these  segments. 

The  precise  locations  of  the  x's  must  not  be  regarded  as  an 
attempt  specifi'^'^lly  to  localise  thes*^  passes  but  rather  to 
indicate  that  somewhere  on  a  ridgi.‘  lino  segment  between  any  two 
indicated  peaks,  S,  and/or  newly  recognized  peaks,  (S),  a  pass 
must  occur.  (Recall  the  rule  stated  earlier  concerning  alternating 
absolute  extremum  and  mixed  extrema  points  along  any  connected 
path.)  Now  if  these  passes  exist  (and  they  mus't ,  as  well  as 
virtually  innumberable  others)  so,  too  do  their  course  lines, 
the  resulting  pits,  and  pales,  and  also  the  ridge  lines  that 
pales  occasionalong  with  their  additional  peaks.  Those  new 
pealcs  require  additional  passes,  and  so  on  in  new  and  continually 
regenerating  cycles  to  the  level  of  separated  particles  at  which 
level  the  concept  of  surface,  itself,  is'  no  longer  applicable. 
Obviously,  the  details  of  the  entire  structure  of  any  set  of 
nested  "basins"  (including  those  without  channel  flow)  cannot 
be  learned  so  that  some  threshold  must  bo  rccogniizcd  and  defined. 

It  is  -apparent  that  all  so-called  recognizable  first  order 
streams  do  not  contain  prcc.1scly  the  same  ox’der  course  linc-s. 
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Acfcual  rock  typo,  climate,  slope,  etc.,  do  determine  the 
length  of  overland  flow  preceding  channel  flow.  Moreover, 

"lower"  orders  do  exist.  Hov/ever  there  is  a  demonstrated 

success  that  systematic  relations  among  the  observed  empirical 

regularities  in  nested  river  basins  can  be  understood  by 

regarding  as  of  first  order  the  streams  that  have  no  visibly 

channeled  flow  tributaries.  Despite  variation  in  the  actual 

course  line  order  on  a  surface  of  so-called  first  order  streams,  the 

necessity' to  recognise' a  threshold  exists  and  the  regai’ding  of 

all  unbranchcd  streams  as  of  the  same  order,  namely  what  has 

come  to  be  called  the  first,  has  proved 'remarkably  convenient 

and  instructive  operationally.  The  slightly  different  real 

order  that  each  of  the  course  lines  of  the  so-called  first 

order  streams  occupies' in  the  hierarchy  of  course  lines  has 

not  served  to  hide  the  nal'ure  of  the  system.  Rather,  the 

bold  operational  definition  and  ordering  introduced  from 

empirical  observation  has  helped  clarify  the  relationship 

in  the  system.  V/c  must  remember  however  that  our  threshold 

thus  defined  has  not  so  much  a  physical  as  a  statistical 

meaning . 

Figure  7  represents  a  plausible  picture  of  a  second 
order  basin  and  indicates  a  likely  basin  arrangement  based 
on  flow  efficiencies.  It  is,  admittedly,  possible  to  construct 
an  entire  hypothetical  system  for  a  high  order  basin  in  which 
a  bifurcation  ratio  of  two  applies  throughout  and  in  which 
peaks  are  conserved.  Thus,  the  regenerating  cycle  is  avoided. 
However,  either  interbasin  areas  are  too  large  and  have 


« 
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inefficient  shapes  or  successively  higher  order  stream  segments 
then  are  shorter  than  preceding  ones.  For  example,  v/e  can 
imagine  a  third  order  basin  having  only  tv;o  second  order  streams 
and  four  first  order  streams.  If  peaks  are  to  be  conserved,  then 
only  five  need  exist,  all  on  the  exterior  set  of  ridge  line  segments. 
Such  a  portrayal  requires,  contrary  to  observed  regularities 
and  '’Icast-v/ork"  efficiency  explanations  of  them,  the  inconsistencies 
noted  above.  Even  a  cursory  glance  at  topograpliic  survey  maps 
confirms  the  notion  of  efficiency  of  size  and  shape  of  relevant 
areas  and  supports  the  necessity  for  and  the  existence  of  the 
virtually  infinite  regress  among  singular  points,  lines,  and  areas. 
Figure  7,  then,  presents  a  "reasonable"  set  of  relations  in  that 
they  are  defensible  by  tlieory.  Although  virtually  an  infinite 
number  of  ridge  lines  exist,  a  tendency  tov;ard  conservation  of 
total  ridge  lino  length  consistent  with  a  given  order  of  nested 
basins  and  work  minimization  principles  seems  to  be  tlio  rule. 

That  is  to  say,  work  minimization  results  in  tendencies  toward 
short  ridge  lines  and  compact  basins.  But  note  also  sets  of 
circular  basins  cannot  exhau.st  an  area. 

Here  then  arc  the  geometrical  elements,  according  to 
their  dimensions,  present  v.'ithin  or  on  t)ic  boundary  of  a  first 
order  basin,'  and  the  r.umbcr  of  times  oacii  does  and  must  occur. 

I  • 

This  is  the  geometry  that  is  necessary  and  sufficient  to  a  first 


order  basin. 
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GEOMETRY  OP  FIRST  ORDER  BASIN 


Element  and 
Designation 

Name  and 
Designat j  on 

Number  of  occurrences 
(necessary  and  sufficient) 

Point  (V) 

Peak  (S) 

2 

Pit  (I) 

1  ; 

Pass  (P) 

1 

Pale  (B) 

1 

Lino  (E) 

Course  (C) 

2 

Ridge  (R) 

Area  (P) 

Dale 

1 

Hill 

^(only  parts  of 

2  separate  hil 
are  present) 

Territ'ory 

2 

The  geometrical 

elements  represented  in  tv/o  first  order 

basins  paired  to  produce  a  second  order  stream  (but  not 
including  the  additional  features  of  the  second  order  basin) 
are  given  belov;. 
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GEOMETRY  OF  PAIRED  FIRST  ORDER  BASINS 


Element  and 
Designation 

Name  and 
Designation 

Number  of  occurrences 
(necessary  and  sufficient) 

1. 

Point  (V) 

Peak  (S) 

3 

Pit  (I) 

2 

Pass  (P) 

2  : 

Pale  (B) 

1 

nine  (E) 

Course  (C) 

H 

Ridge  (R) 

7 

Area  (F) 

Dale 

2 

Hill  0  (only  parts  of 

3  separate  hill 
are  present) 

Territory 


It  is  obvious  that  basin  and  dale  are  synonomous.  The 
general  principle  that  F  V-E  =  1  and  its  variations 
including  F'  and  F"  as  explained  earlier  not  only  holds 
within  any  one  closed  contour  line,  as  it  may  or  may  not 
traverse  several  basins,  but  also  within  any  one  basan  or 
paired  basins.  It  is  also  equally  obvious  that  one  hill 
cannot  be  contained  v;ithin  a  first  order  basin  although 
single  first  order  basins  contain  parts  of  two  hills.  It 
requires  parts  of  four  first  or  higher  order  basins  or 
intcrbas;in  areas  to  cvvnpi’isc  one  hi]l-.  For  example,  in  figure 
^1  the  area  within  the  course  lines  constitutes  part  of  a  hill, 
the  other  part  lies  on  the  other  side  of  the  external  connected 
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ridge  lino  segments  between  the  two  passes,  which  connected 
segments,  in  terms  of  topologj',  servo  as  an  axis  of  symmetry. 

The  following  relationships  (see  again  Figure  2)  hold 
for  the  single  first  order  basin: 

S  =  2  R  =  Dales  =  1 

I 

1=1  C  =  2  Hills  =  0  (parts; of  2 

separate  hills) 

P  =  1  Territories  =  2 

F+V-E  =  1 
2-1-5-6  =  1  . 

p'+V'-E'  =•  1- 
l+i<-^l  =1 

p"+V"-E"  =  1  . 

C  +3  -2  =  1 

The  above  conditions  are  those  and  only  those  which 
describe  the  geometry  and  topology  of  the  single  first  order 
basin.  They  are  at  once  necessary  and  sufficient  and  cannot 
be  exceeded  nor  need  they  be  in  terms  of  efficiency. 

For  the  paired  first  or« _ r  basins  (spe  Figure  ^1),  we 

again  find  necessary  and  sufficient  geometrical-topological 
conditions  that  obtain  and  that  cannot  nor  need  be  exceeded  for 


maximum  efficiency : 

3=3 

R  =  7 

Dales  =  2 

1  =  2 

C  =  II 

Hills  =  0 

(parts  of  3 
separate  hills) 

P  =  2 

Territori 

os  =  ^1 

13  =  1 
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P+V-E  =  1 
'1+8-11=  1 

}7t+v'_E'  =  1 
.2  +6  -7=1 

F''+V"-E''  =  1 
0  +5  -'i  =  1 

Now,  it  is.  important  to  notice  that  the  paired'  first 
order  basins  have  an  entity  that  permit  them  to  be  regarded 
as  a  unit.  Their  shared  internal  ridge  line  is  an  axis  of  ■ 
symmetry.  V/oldenberg  (1968)  has  demonstrated  that  mixed 
spatial  hierarchies  based  on  nested  hexagons  explain  observed 
phenomena  with  great  precision.  It  is  therefore  instructive 
to  attempt  to  identify  the  basic  hexagon  in  terms  of  our 
geometrical  elements.  V/hat,  for  example,  constitutes  the  one 
face  cf  the  modular  hexagon?  V/hat  are  its  vertices?  — its  edges? 

Figure  8  is  offered  here  as  one  possible  identification. 

It  does  not,  however,  agree  with  the  otlier  details  of  V/oldenberg ' s 
discovery  and  formulation.  It  is,  therefore,  only  to  be  regarded 
as  suggestive.  In  fact,  nesting  seems  difficult.  Other 
identifications  are  possible  and,  in  fact,  the  recognition  of  course 
lines  as  edges  seems  to  offer  better  possibilities  in  accounting 
for  nestings. 

Let  us  nov;  depart  from  consideration  of  the  identification 
of  the  hexagonal  structure,  if  indeed,  that  identification  is 
possible  or,  for  that  matter,  desireable.  Let  us  examine  botli 
the  minimum  second  order  basin  and  the  tynJcal  second  order 
basin.  It  is  necessary  to  make  this  distinction  for  tlie  minimum 
order  geometrically  cannot  freely  exist  in  face  of  work  minimisation 
and  spatial  efficiency.  That  is  to  say,  a  bifurcation  ratio  of  two  is 
not  experienced  in  nature  as  the  general  case. 


Figure  9  shows  the  minimum  second  order  basin.  This 
condition  is  necessary,  .but  not  sufficient.  For  it, 


however. 


S  =  3  .  R  =  9  Da.les  =  3 

1=3  C  =  6  :  Hills  =  0  (parts  of  3 

separate  hills) 

P  =  2  Territories  -■  6 

B  =  2 


P+V-E  =  1 
6-1-10-15  =  1 

pi+V'-E*  =  1 
3  +7  -9  =  1 

P"-1-V"-E"  =  1 
0  -I-?  -6  =1 

The  structure  in  figure  9  conserves  i)eaks,  but  is  not 
efficient.  A  more  reasonable  one  is  that  shown  as  noted,  in 
figure  7.  As  noted  earlier,  the  additional  pealcs  require 
additional  passes,  and  hence  course  lines,  ridge  lines,  and 
thus  pales  and  pits,-  and  so  on  in  regenerating  cycles.  It  is 
important  to  note  that  tlie  matching  of  the  Euler  theorem  serves 
to  identify  various  stages  that  can  be  regarded  as  consistent 
levels  of  generalisation.  The  particular  level  to  be  shown  is, 
of  course,  that  one  essential  to  the  problem  at  hand,. 

These  are  important  mattdrs  conceptiiaD ly ,  in' terms  of  the 
analysis  of  surface  systems  generally,  and  rnver  basin  systems 
in  particular.  They  arc  also  important  cartographJ cally . 
Cartographers  through  tlic  ages  have  avoided  showing  the  single- 


valued,  scl^’-cro.ssing  contour  .lines. 


Those  arc  es;;cntia3. 


Surveys  should  cspocla'l.ly  determine  tlicir  precir-.e  location:'- 
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and  mapping  should,  above  all  else,  indicate  them,  guided 
by  the  level  of  generalization  needed. 

Conventional  topographic  mappiiig  practice  has  not 
reflected  the  developments  in  the  understandings  of  the 
topology  and  geometry  of  surfaces  and  the  study  of  flows 
on  these  surfaces.  There  is  a  need  now  for  a  new  kind  of 
topographic  map  which  will  be  keyed  to  more  recent  knowledge 
in  these  fields. 

The  following  paragraphs  serve  not  only  to  recapitulate 
the  foregoing  arguments,  but  also  to  recommend  new  departures 
in  topographic  mappings.  My  colleague,  Michael  V/oldcnberg, 
has  assisted  in  the  preparation  of  these  statements. 

Specifically,  current  topographic  maps  generally  use  a 
constant  contour  interval  to  indicate  gradients  on  surfaces. 

This  practice  is  sufficient  to  describe  flows  on  surfaces 
in  general,  if  flow  were  simply  overland  flow,  but  of  course 
this  is  only  part  of  the  story.  Plows  concentrate  in  channels 
to  gain  economies  of  scale,  and  hence  the  end  points  of  course 
lines,  along  whoso  length  cl)annel  flow  begins  and  ends,  must 
be  clearly  delineated.  Thus  a  pass  is  a  point  and  must  be 
defined  whore  some  given  contour  line  crosses  itself.  Tne  pass 
is  also-  located  at  the  intersection  of  a  course  line  and  ridge 
line.  As  the  ridge  lino  is  followed  toward  a  confluence,  it  is 
found  to  recross  the  course  3ine  at  its  lower  end,  and  a  now  point 
is  located,  the  pale,  whicli  again  may  alternatively  be  described 
as  the  intersection  point  of  a  self-crossing  contour  line. 

Thus  a  whole  set  of  contours  is  called  for,  which  will 
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serve  to  delineate  these  critical  passes  and  pales. 

}3etv;een  these  contours  normal  interpolations  may  be  used 
if  desired. 

The  order  reflected  in  Horton's  lav/s  may  be  reflected 
in  the  contour  intervals.  Suppose  that  in  a  river  system  in 
a  region  of  youth,  developed  on  a  homogeneous  surface, 
detritus  is  supplied  so  quickly  that  materials  in  the  I 

riverbed  are  not  appreciably  decreased  in  size  v;ith  distance 
travelled  downstream.  Then  Hack  (1957)  and  Broscoe  (1959) 
suggest'  the  profile  of  the  stream  will  be  logarithmic,  and 
hence  the  contour  Interval  may  well  show  arithmetic  increase, 
v;here  each  contour  interval  reflects  a  new  stream  order. 

Suppose  the  materials  in  the  river  bed  decline 
exponentially  with  distance  travelled  downstream.  Then  the 
profile  will  be  a  power  function,  and  the  appropriate  contour 
intei’val  will  be  logarithmic,  where  each  contour  interval 
will  correspond  to  the  drop  a  stream  makes  for  each  order 
basin . 

In  a  Word  we  propose  to  perform  research  in  developing 
now  topographic  maps  reflecting  the  current  understanding 
of  spatial  order  on  the  earth's  surface. 

In  addition,  we  propose  a  small  change  in  the  stream 
ordering  system  currently  employed.  In  the  preceding  sections 
the  convenient  and  operationally  significant  system  employed 
by  Horton  as  modified  by  Strahler  was  used.  Basically,  we 
suggest  merely  that  .  hat  arc  now  regarded  as  first  order 
streams  and  basins  be  considered  as  of  zero  order  and  that 
present  second  order  bvO  called  first  and  so  on,  The  justification 
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for  and  the  convenience  attendlnfj  such  a  change  are 
described  belov/. 

Horton  (19^1  [5)  suggested  sevei’al  lav;s  of  fluvial 
morphology.  These  may  be  classified  in  two  ways,  direct 
geometric  series,  and  inverse  geometric  series.  Examples 
of  these  follow.  . 

Direct  geometric  series: 

In  the  law  of  stream  lengths,  Horton  (19^5,  R.  291) 
stated  that,  "The  average  lengths  of  stream  of  each  of  the 
different  orders  in  a  drainage  basin  tend  closely  to  approx¬ 
imate  a  direct’  geometric  series  in  which  the  first  term  is 
the  average  length  of  streams  of  the  first  order." 

The  mathematically  eo.uivalent  statement  is: 

I  ^ 

Lu  -  whore  Ly  is  the  average  length 

of  the  stream  of  order  u. 


is  the  average  length  of  the 

stream  of  order  1. 

Rg  is  the  length  ratio  of  ^-"u-H . 

^■'u 

Schumm  (1996,  p.  606),  following  the  suggestion  of  Horton 
(19^*9}  p-  29^1),  created  an  analogous  law  for  stream  basin 


areas : 


Where  Ay  is  the  moan  area  of  basins  of  order  u,  hi  is  the 
mean  area  of  tiie  first  order  basins,  and  R^  is  an  area 
ratio  analogous  to  the  length  of  ratJ 6  Rr 


Inverse  geometric  series: 


-28 


Horton's  lav;  of  stream  numbers  is  as  follows 

(Horton,  19^15,  p.  291): 

"The  numbers  of  streams  of  different 
orders  in  a  given  drainage  basin  tend 
closely  to  approximate  an  inverse  geo¬ 
metric  series  in  v;hich  the  first  tei’m 
is  unity  and  the  ratio  is  the  bifurcation 
ratio . " 

.  I 

In  the  symbols 

u  n 

whei’e  N^  is  the  number  of  streams  of  order  u,  is  the 

bifurcation  ratio  and  k  is  the  order  of  the  trunk 

u  u+1, 

stream. 

•  * 

As  Woldenuerg  (1966,  p.  '133)  has  shown,  stream  order 
is  a  logarithm.  Logarithms  are  by  definition  exponents  to 
some  base.  Ton  is  commonly  used,  and  an  increase  in  order 
of  magnitude  is  equal  to  lO^'**^  (\\'hoi'*e  x  is  any  number). 

Thus  stream  order  is  really  stream  order  oi’  magnitude, 
to  the  base  of  some  ratio  which  may  well  differ  from  the 
commonly  used  10.  For  direct  geometric  series,  the  variable 
y  which  is  the  function  of  stream  ord'r  may  be  generalized 
as : 

Ju  =  Vi 

where  all  te.'^ms  are  analogous  to  those  previously 
identified. 

If  the  threshold  stream  were  actually  of  order  0 
rather  than  order  1,  this  statement  could  be  rewritten  as: 

Similarly  inverse  geometric  series  would  be  written  as 
follows : 
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ancl  would  be  unchanged  by  the  change  in  the  order  for 
threshold  streams.  / 

Hence  identifying  the  threshold  stream  as  order  0 
simplifies  direct  geometric  series,  and  has  no  effect  on 
inverse  geometric  series.  There  is  another  justification, 
as  well. 

V/e  have  pointed  out  above,  the  existence  of  the 
virtually  infinite  regress  of  peaks,  pits,  passes,  pales, 
course  lines,  and  ridge  lines,  basins,  and  hills  in 
regenerating  cycles  which  are  implied,  but  not  perceived 

e 

on'  a  topographic  surface.  Such  course  lines  do  not  form 
channels,  and  such  basins  arc  thus  not  of  threshold  size. 
Therefore,  when  considering  these  basins,  negative  orders 
may  well  be  used.  It  is  possible  to.  think  of  order  equal 
to  -5  or  -19,  etc.,  which  signify  basins  at  very  small  orders 
of  magnitude. 


-30- 


BIBLIOGRAPllY 

Broscoe,  Andy,  1959,  Quantitative  analysis  of  longitudinal 
stream  profiles  of  small  watersheds:  Office  of  Naval 
Research  Tech.  Report  N.  l8,  Proj .  389-0^12,  Dept,  of 
Geology,  Columbia  University. 

Cayley,  Arthur,  1859,  On  contour  and  slope  lines:  The  Lend., 

Edin.,  and  Dub.  Phil  Mag.  and  Jour,  of  Sci.,  v.  l8,  pp.  26^1-268 

Hack,  J.T.,  1957,  Studies  of  longitudinal  stream  profiles  in. 

Virginia  and  Maryland:  U.S.  Geol.  Survey  Prof.  Paper  29^1-B, 
p.  1-97. 

Horton,  R.E.,  19^15,  Erosional  development  of  streams  and  their 
drainage  basins:  hydrophysical  approach  to  quantitative 
morphology:  Geol.  Soc.  America  Bull.,  v.  56,  p.  27^-370. 

Maxwell,  J.  Clerkj  I87O,  On  hills  and  dales:  The  Lond.,  Edin., 
and  Dub.  Phil.  Mag.  and  Jour,  of  Sci.,  v.  il0  (^Ith  ser.), 
pp.  ^I21-'I27. 

Schumm,  Stanley,  1956,  Evolution  of  draina?;e  systems  and  slopes 
in  badlands  at  Pertli  Amboy,  New  Jersey:  Geol.  Soc.  America 
Bull.,  V.  67,  p.  597-6^16. 

Strahlcr,  A.N.,  196^1,  Quantitative  geomorphology  of  drainage 
basins  and  channel  networks  ^  Chow,  Ven  Te,  ed..  Handbook 
of  applied  hydrology :  compendium  of  water  resources  technology 
New  York,  McGraw-Hill  Book  Co.,  p.  39-76. 

Warntx,  V/illiam,  and  V/oldenberg,  Michael,  1967,  Concepts  and 
Applications — Spatial  Order:  Harvard  Papers  in  The:)retlcal 
Geograpliy  No,  1,  Office  of  Naval  Research  Tech.  Report,  Proj. 

NR  389-1^17,  Harvard  University. 

V/oldenberg,  Michael,  1966,  Horton's  laws  justified  in  terms  of 
allometric  growth  and  steady  state  in  open  systems:  Geol. 

Soc.  America  Bull.,  v.  77,  p.  31-^1 3!l. 

V/oldenbcrg,  Michael,  1968,  Energy  flow  and  spatial  order,  with 

special  reference  to  mixed  hexagonal  central  place  hierarchies: 
Harvard  Papers  in  Theoretical  Geography  No.  8,  Office  of  Naval 
Research  Tech.  Report,  Proj.  NR  389-l'l7,  Harvard  University. 


r  DOCUMENT  CONTROL  DATA  -  R  &  D 

iri<»  *  otion  ot  ttti*  ht*'li  t  f  xih  fiiit  *  tin  t*i*i -it  n  tt  fin  tii/i  »i  t/  i‘ /i*  i*  //i*  oivt,iU  rt  pnit  i  -  Ct%i  si(n  c/) 


ACHviiy  ((*or/;<>riiri*  nutlmt) 


President  and  fallows  of  Harvard  College 


^  U\  f  0»-  •  IMLI 


A  NOTK  CM  STHKAM  OliDHRlNG  AND  CONTOUR  MAPPING 


•s  PI  !»<,»<!  live  NOT!  s.  (Tyitc  of  ti'/Hitt  a/iif,  I  VO  »■) 


Inter  1  m  Jj[  o  p.fir  t _ 

f«  AU  1  HOflisi  f/*  If*/ nM*/t//t  irii/fii/,  tastt  ii-itiH  ) 

William  Warnt?. 


Rl.POlU  DAI* 


1  July  1968 


e.».  COUTKACT  0»<  GRANT  HO. 


ONR  0001/1~67A-0298-000'I 


6.  (’KOJt.C  T  HO 


NR  389-1 '17 


10.  DISlRlhUUON  5TATCMC-H1 


7/1.  TOTAU  NO-  0»  PA&LJ.  7f».  NO.  OI  NDPO 

30  10 


d«i.  ORIOIN  A  TOK’i  RLPONl  NUMRtKlS) 

ONR  Technical  Report  //I8 


*//*.  OTHTR  RrroR.  NOtS)  othft  tnimhorn  tfutt  riioy  atxsl^ti(*<l 

this  icpotif  Theoretical 

Geogj’aphy  Papei-  ;7l8 


Distribution  of  this  document  is  unlimited. 


M--  SPONSORING  AML  n  ARY  ACTIVIlY 


Office  of  Naval  Research, 
Geography  Branch 


Al- S7NAC1 


This  paper  describes  the  necessary,  sufficient,  possible,  and 
likely  geometrical  and  topological  characteristics  of  stream  drainage 
basins  of  various  orders.  A  suggestion  is  made  for  experimental 
topographic  mapping  to  bring  it  closer  to  the  current  theory  of 
spatial  hierarchical  systems.  Stream  oi-derlng  is  examined  and  a 
recommendation  is  offered  that  streams  nov;  considered  as  of  first 
order  be  regarded  as  of  soro  order.  This  simplifies  mathematical 
notation  for  the  Horton-Strahlcr- VJoldcnberg  type  of  analysis  in 
quantitative  geomorphology  and  has  added  intellectual  interest  by 
facilitating  the  understanding  of  the  virtually  infinite  cyclical 
regress  in  the  patterns  of  surface  features  down  to  individual 
particle  sixe. 
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